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Abstract
We obtain the equations of motions of the f(T ) theory considering the Lemaˆıtre-Tolman-
Bondi’s metric for a set of diagonal and non-diagonal tetrads. In the case of diagonal tetrads
the equations of motion of the f(T ) theory impose a constant torsion or the same equations of
the General Relativity, while in the case of non-diagonal set the equations are quite different
from that obtained in GR. We show a simple example of an universe dominated by the
matter for the two cases. The comparison of the mass in the non-diagonal case shows a sort
of increased with respect to the diagonal one. We also perform two examples for the non-
diagonal case. The first concerns a black hole solution of type Sshwarzschild which presents
a temperature higher than that of Schwarzschild, and a black hole in a dust-dominated
universe.
Pacs numbers: 04.50. Kd, 04.70.Bw, 04.20. Jb
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2
1 Introduction
A possible equivalence between the equations of General Relativity (GR) can be obtained
considering a space-time where the curvature contributions vanish and the unique non null
contribution is that coming from the antisymmetric part of the connection. This is the scenario
of the so-called Weitzenbok’s space-time. Through this equivalence, we can analyse the physical
phenomena of the Gravitation and the Cosmology, which until now are not clearly known using
the GR. Hence, we can try to easily understand the contribution of the terms of higher order in
curvature, added to the Einstein-Hilbert term as can be observed in the common theories, f(R)
[2, 3], f(G) [4], f(R, T ) [5] and f(R,G) [6]. In the case of the theory equivalent to the GR,
the Teleparallel Theory (TT) [1], the attention is now attached to the torsion scalar T which
plays an important role in constructing the action of this theory. Hence, as in the case of GR, a
generalization of the TT must contain terms of higher order in T that we call f(T ) theory [20],
where f(T ) is an algebraic function of the torsion scalar T .
Several works have been done in this sense these recent months in the f(T ) theory, with
various interesting results [24, 25]. However, there is not still more progress in introducing new
symmetries, as in the case of TT. Therefore, in order to analyse the possible results we propose
here to introduce a new symmetry, that of the Lemaˆıtre-Tolman’s (LT) models. This may help
us to understand more about the gravitational and cosmological phenomena cited above.
The solutions called inhomogeneous have various applications in the GR. A good revision
of these applications is shown in [7]. A particular case of these solutions is that of LT [8]. The
models have been used in redshift drift [10], CMB [11], interpretation of supernova observations
[12], averaging [13], formation of black holes [14], of galaxy clusters [15], superclusters [16],
cosmic voids [18] and collapse from the perspective of loop quantum gravity [17].
In this paper, we consider the symmetries of the Lemaˆıtre-Tolman’s metric for comparing
the physics of the solution coming from the f(T ) theory with the well known results in the GR.
To do this, we take two workable choices of tetrads, the diagonal and the non-diagonal one,
where we will get the real notion of the main different with respect to the GR.
The paper is organized as follows. In Sec. 2, we explicitly present the equations of motion in
f(T ) theory. The Sec. 3 is devoted to the characterization of the geometry of an inhomogeneous
universe. In Sec. 4, a set of non-diagonal tetrads for the metric of LTB is presented. In Sec 5 we
3
obtain new solutions, where we perform examples of a dust-dominated universe in the subsection
5.1, a Schwarzschild-type black hole solution in the subsection 5.2, a black hole solution in a
dust-dominated universe in the subsection 5.3 and other solutions in 5.4. The conclusion and
perspective are presented in the Sec. 6.
2 The field equations from f(T ) theory
In this section we will develop how obtaining the equations of motions for the f(T ) theory
and the choice of matter model as an anisotropic fluid.
We start defining the line element as
dS2 = gµνdx
µdxν = ηabθ
aθb , (1)
θa = eaµdx
µ , dxµ = e µa θ
a , (2)
where gµν is the metric of the space-time, ηab is the Minkowski’s metric, θ
a are the tetrads and
eaµ and their inverses e
µ
a are the tetrads matrices that satisfy eaµe
ν
a = δ
ν
µ and e
a
µe
µ
b = δ
a
b .
The root of the determinant of the metric is given by
√−g = det[eaµ] = e. The Weitzenbok’s
connection is defined by
Γαµν = e
α
i ∂νe
i
µ = −ei µ∂νe αi . (3)
Through the connection we can define the components of the torsion and the contorsion as
Tαµν = Γ
α
νµ − Γαµν = e αi
(
∂µe
i
ν − ∂νei µ
)
, (4)
Kµνα = −
1
2
(Tµνα − T νµα − T µνα ) . (5)
For facilitating the description of the Lagrangian and the equations of motion, we can define
another tensor from the components of torsion and the contorsion as
S µνα =
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
. (6)
Now, defining the torsion scalar
T = TαµνS
µν
α , (7)
one can define the Lagrangian of the f(T ) theory, coupled with the matter as follows
L = ef(T ) + LMatter . (8)
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The principle of least action leads to the Euler-Lagrange’s equations. In order to use these
equations we first write the quantities
∂L
∂eaµ
= f(T )ee µa + efT (T )4e
α
a T
σ
ναS
µν
σ +
∂LMatter
∂eaµ
, (9)
∂α
[
∂L
∂(∂αeaµ)
]
= −4fT (T )∂α (ee σa S µνσ )− 4ee σa S µασ ∂αT fTT (T ) + ∂α
[
∂LMatter
∂(∂αeaµ)
]
, (10)
where fT (T ) = df(T )/dT and fTT (T ) = d
2f(T )/dT 2. The equations of Euler-Lagrange are
given by
∂L
∂eaµ
− ∂α
[
∂L
∂(∂αeaµ)
]
= 0 , (11)
which, multiplying by e−1eaβ/4, yields
S µαβ ∂αT fTT (T ) +
[
e−1eaβ∂α (ee
σ
a S
µα
σ ) + T
σ
νβS
µν
σ
]
fT (T ) +
1
4
δµβf(T ) = 4piT µβ , (12)
where the energy momentum tensor is given by
T µβ = −
e−1eaβ
16pi
{
∂LMatter
∂eaµ
− ∂α
[
∂LMatter
∂(∂αeaµ)
]}
. (13)
For an anisotropic fluid, the energy momentum tensor is given by the expression
T µβ = (ρ+ pt)uβuµ − ptδµβ + (pr − pt) vβvµ , (14)
where uµ is the four-velocity, vµ the unit space-like vector in the radial direction, ρ the energy
density, pr the pressure in the direction of v
µ (radial pressure) and pt the pressure orthogonal
to vµ (tangential pressure). Since we are assuming an anisotropic spherically symmetric matter,
one has pr 6= pt, such that their equality corresponds to an isotropic fluid sphere.
An important point to be put out here is the non-invariance feature of this modified theory
of gravity. We recall that any gravitational theory built from the metric and the therein geo-
metrical quantities will always be Lorentz scalars and therefore must be invariant under local
Lorentz transformations. However, in general, when dealing with theory based on the torsion
this invariance does not hold. Let us show this in an explicit way by first considering the Lorentz
transformation of the tetrad, as
eaµ 7→ Λabebµ, (15)
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where Λab denotes the local Lorentz transformation which satisfies
ηacΛ
a
bΛ
c
d = ηbd. (16)
By making use of this tetrad transformation, on can perform the torsion tensor (4) as
Tαµν 7→ Tαµν + Λ ba e αb
(
ecν∂µΛ
a
c − ecµ∂µΛac
)
. (17)
Thus, it is straightforward to see that for a linear form of f(T ), i.e, teleparallel theory of
gravity, there is invariance. However, for an arbitrary expression of the algebraic function
f(T ), the modified f(T ) theories are not invariant under local Lorentz transformations [29, 30].
Consequently, non-invariant theory is sensitive to the choice of the tetrad and depending to the
set of tetrads, being diagonal or non-diagonal, different results may be obtained. Hence, the
choice of tetrad is crucial in order to deflect the theory from the teleparallel one. This does
not invalidate this generalization of the GR, but it can be shown that the newtonian limit is
obtained for a particular case [20].
3 The geometry of an inhomogeneous universe
Given the metric of Lemaˆıtre-Tolman-Bondi [8, 9]
dS2 = dt2 −B2(r, t)dr2 −A2(r, t) (dθ2 + sin2 (θ) dφ2) , (18)
we can describe this space-time through the following set of diagonal tetrads{
eaµ
}
= diag [1 , B(r, t) , A(r, t) , A(r, t) sin θ] , (19)
{e µa } = diag
[
1 , B−1(r, t) , A−1(r, t) , A−1(r, t) sin−1 θ
]
, (20)
where we define the determinant of the tetrads by e = det[eaµ] = A
2B sin θ. The non null
components of the torsion (4) are
T 101 = −T 110 = e 11 ∂0e11 = B−1B˙,
T 212 = −T 221 = e 22 ∂1e22 = A−1A′,
T 313 = −T 331 = e 33 ∂1e33 = A−1A′,
T 202 = −T 220 = e 22 ∂0e22 = A−1A˙,
T 303 = −T 330 = e 33 ∂0e33 = A−1A˙,
T 323 = −T 332 = e 33 ∂2e33 = cot θ,
(21)
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where the “dot” indicates the derivative with respect to the time t and the “prime” the derivative
with respect to the radial coordinate r. The non null components of the contorsion (5) are
K011 = −K101 = g00T 101 = B−1B˙,
K022 = −K202 = g00T 202 = A−1A˙,
K033 = −K303 = g00T 303 = A−1A˙,
K122 = −K212 = g11T 212 = − A
′
AB2
,
K133 = −K313 = g11T 313 = − A
′
AB2
,
K233 = −K323 = g22T 323 = − cot θA2 .
(22)
We can now calculate the non null components of the tensor S µνα in (6), which are given by
S 100 = −S 010 = −12g11T β1β = A
′
AB2
,
S 200 = −S 020 = −12g22T β2β = cot θ2A2 ,
S 011 = −S 101 = 12
(
K011 − T β0β
)
= −A−1A˙,
S 211 = −S 121 = −12g22T β2β = cot θ2A2 ,
S 022 = −S 202 = 12
(
K022 − T β0β
)
= −12
(
A−1A˙+B−1B˙
)
,
S 122 = −S 212 = 12
(
K122 − T β1β
)
= A
′
2AB2
,
S 033 = −S 303 = 12
(
K033 − T β0β
)
= −12
(
A−1A˙+B−1B˙
)
,
S 133 = −S 313 = 12
(
K133 − T β1β
)
= A
′
2AB2
.
(23)
Through the definition of the torsion scalar (7) and of the components (21) and (23), one obtains
T = 2
( A′
AB
)2
− 2A˙B˙
AB
−
(
A˙
A
)2 . (24)
We now obtain two equations that impose constraints to the f(T ) theory such that it becomes
equivalent to the TT, which is the case where the algebraic function f(T ) is a linear function of
the torsion scalar T . For the first of them, it is sufficient to put β = 0 and µ = 2 in (12), which
leads to
cot θ
2A2
T˙ fTT (T ) = 0 , (25)
and for the second, it can be just put β = 1 and µ = 2 in (12), which yields
cot θ
2A2
T ′fTT (T ) = 0 . (26)
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The equations (53) and (26) inform that, or the torsion scalar is a constant, which does not
yield any interesting result for the metric of LTB, or the algebraic function f(T ) is linear in T .
An imposition of the form (26) has been obtained for a set of diagonal tetrads in the case of a
spherically symmetric and static metric [19, 20]. In the next section, we will see the case where
it will be taken a set of non-diagonal tetrads for describing the metric of LTB (18).
Substituting the components (21)-(23) and the torsion scalar (24) in (12), for the case of the
components 0− 0, 1− 1 and 2− 2, we get the following equations of motion
8piρ = −2 A′′
AB2
+ 2A
′B′
AB3
+ 2 A˙B˙AB +
1
A2
+
(
A˙
A
)2 − ( A′AB)2 ,
−8pipr = 2 A¨A + 1A2 +
(
A˙
A
)2 − ( A′AB)2 ,
−8pipt = − A′′AB2 + A¨A + B¨B + A˙B˙AB + A
′B′
AB3
,
(27)
that are identical to the equations of GR [21]. This is not surprising since the TT theory is
dynamically equivalent to the GR [22]. The famous symmetry of the metric of LTB is recuperated
when one takes β = 0 and µ = 1 in (12)(
A˙′B −A′B˙
)
fT (T ) = 0 , (28)
which, after integration leads to
B(r, t) = c−1(r)A′(r, t) . (29)
The function that appears in (29) as integration constant for the coordinate t can be fixed,
as in the case of GR, due to its relationship with the spatial curvature c(r) =
√
1− k(r) [21].
A direct application of these results is the so-called limit of the Friedmann-Lemaˆıtre-Robertson-
Walker’s universe. To do this, let us consider the equation of conservation for an energy mo-
mentum tensor with null radial and tangential pressures (pr = pt = 0 in (14)):
∇µT µν = 0 , (30)
such that, using (29) and integrating (30), one gets
ρ(r, t) =
c(r)ρ0(r)
A2(r, t)A′(r, t)
, (31)
where ρ0(r) is an algebraic function of r, coming from the integration in t. The first equation
in (27) can be rewritten as
8piρA2A′ =
[
A
(
1− c2(r) + A˙2
)]′
. (32)
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In this diagonal case, by defining the mass of a black hole as
MD(r) = 8pi
∫ r
0
c(y)ρ(y, t)A2(y, t)B(y, t)dy = 8pi
∫ r
0
c(y)ρ0(r)dy , (33)
the equation (32) can be integrated, yielding
A˙2 =
MD(r)
A
+ c2(r)− 1 . (34)
A particular case of this equation is when c(r) = 1, where the integration leads to
A(r, t) =
[
d(r) +
3
2
√
MD(r) t
]2/3
, (35)
where d(r) is an algebraic function of r. Putting d(r) = r3/2 and MD(r) = 8piρ¯0r
3/3, where
ρ¯0 is a constant, we re-obtain the equations of Friedmann for an universe dominated by the
matter [23], where A(r, t) = ra(t), a(t) = [1+
√
6piρ¯0t]
2/3, ρ(t) = ρ¯0/a
3(t) and tB = −(6piρ¯0)−1/2
representing the Big Bang.
In the next section we will perform the calculus about the equations of motion for a set of
non-diagonal tetrads.
4 A set of non-diagonal tetrad
We can also project in the tangent space to the LTB’s metric (18) through a set of non-
diagonal tetrads as follows
{eaµ} =

1 0 0 0
0 B(r, t) sin θ cosφ A(r, t) cos θ cosφ −A(r, t) sin θ sinφ
0 B(r, t) sin θ sinφ A(r, t) cos θ sinφ A(r, t) sin θ cosφ
0 B(r, t) cos θ −A(r, t) sin θ 0
 , (36)
whose inverse is
{e µa } =

1 0 0 0
0 B−1(r, t) sin θ cosφ B−1(r, t) sin θ sinφ B−1(r, t) cos θ
0 A−1(r, t) cos θ sinφ A−1(r, t) cos θ sinφ −A−1(r, t) sin θ
0 −A−1(r, t) sin−1 θ sinφ A−1(r, t) sin−1 θ cosφ 0
 . (37)
By using (36) and (37), the non null components of the torsion (4) are calculated as:{
T 101 = B
−1B˙ , T 202 = T 303 = A−1A˙ , T 212 = T 313 = −B−A
′
A . (38)
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The non null components of the contorsion are{
K011 = B
−1B˙ , K022 = K033 = A−1A˙ , K122 = K133 =
B−A′
AB2
. (39)
The non null components of S µνα are{
S 010 = 2S
21
2 = 2S
31
3 =
B−A′
AB2
, S 101 = A
−1A˙ , S 202 = S 303 =
1
2(A
−1A˙+B−1B˙) . (40)
Taking into account the components (38) and (40), the torsion scalar (7) becomes
T = −2
2A˙B˙
AB
+
(
A˙
A
)2
− 1
A2
+
2A′
A2B
−
(
A′
AB
)2 . (41)
Through (36)-(41), the equations of motion (12) are given by
(B−A′)
AB2
T ′fTT + fT
[
T
2 +
1
A2
+ 4 A˙B˙AB +
A′B′
AB3
− A′
A2B
− A′′
AB2
]
+ f4 = 4piρ ,
− (B−A′)
AB2
T˙ fTT +
fT
AB
(
A′B˙ − A˙′B
)
= 0 ,
− A˙AT ′fTT − fTAB3
(
A′B˙ − A˙′B
)
= 0 ,
A˙
AT
′fTT + fT
[
T
2 +
A¨
A + 3
A˙B˙
AB +
1
A2
− A′
A2B
]
+ f4 = −4pipr ,
1
2
[(
A˙
A +
B˙
B
)
T˙ + B−A
′
AB2
T ′
]
fTT +
fT
2
[
T
2 +
A¨
A +
B¨
B + 5
A˙B˙
AB +
A′B′
AB3
− A′′
AB2
]
+ f4 = −4pipt .
(42)
The equations of motion of the non-diagonal case are quite different from the previous ones of
the diagonal case. This is the proof of the dependence on the frame in f(T ) theory [26]. In
such a situation, the physics that results from this set of equations must present new data that
may be important in understanding the subjects that still require attention in Cosmology and
Astrophysics.
5 New solutions
5.1 Dust-dominated universe
Le us make a simplified example of the analysis of these equations. Taking the linear case
f(T ) = T , the second and third equations of (42) yield again the constraint (29) well known in
the metric of LTB. In order to compare with the example taken in the diagonal case, we put
pr = pt = 0 in (14) and rewrite the first equation of (42) as
8piρA2A′ = 8piρDA2A′ + 2A′
[
2c(r)− 1− c2(r) + A˙2
]
, (43)
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where ρD is the energy density in the diagonal case in (32). Using the equation of conservation
(30), we re-obtain (31), that suggests the same definition (33) for the mass in the non-diagonal
case. But here we have the following identity:
M(r, t) = 8pi
∫ r
0
c(y)ρ(y, t)A2(y, t)B(y, t)dy = MD(r)
+2
∫ r
0
A′(y, t)
[
2c(y)− 1− c2(y) + A˙2(y, t)
]
dy . (44)
Here, in this non-diagonal case, the mass of a black hole can depend on the time in general.
Comparing with the diagonal case, it appears that the mass in the non-diagonal case possesses
an increased (decreased) due to the non-diagonal description of the matrix of the tetrads in (36).
Now, let us look at the particular case c(r) = 1 and, as in the diagonal case, one supposes
A(r, t) = ra(t), with a(t) = [1 +
√
6piρ¯0t]
2/3. Since MD(r) = AA˙
2 = 8piρ¯0r
3/3, from (44), one
gets the following identity
M(r) = MD(r) +
2
3
MD(r) . (45)
This shows us that a significant value (2/3) of the mass (or energy density) in the diagonal
case is increased as contribution in the non-diagonal case. Note that the addition comes from
the contribution of the set of the off-diagonal terms of the non-diagonal tetrads matrix.
5.2 Black hole solution
For an exterior solution, in the vacuum, we get ρ = 0 in the first equation of (42), which for
c(r) = 1 yields [
AA˙2
]′
+ 2A′A˙2 = 0, (46)
which can be rewritten as
3
[
AA˙2
]′ − 2A [A˙2]′ = 0 . (47)
A solution of (47) is given by
A(r, t) = [k1(t) + k2(r)]
2/5 . (48)
Making the coordinate transformation x(r, t) = A(r, t), the line element (18) becomes
dS2 =
(
1− 4k˙
2
1
25x3
)
dt2 +
4k˙1
5x3/2
dtdx− dx2 − x2dΩ2 , (49)
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where dΩ2 = dθ2 + sin2 θdφ2. Carrying out a new change of coordinates
dτ(x, t) = b1(x, t)dt+ b2(x, t)dx , (50)
the line element (49) turns into
dS2 =
1
b21
(
1− 4k˙
2
1
25x3
)
dτ2 −
[
2b2
b21
(
1− 4k˙
2
1
25x3
)
− 4k˙1
5x3/2b1
]
dτdx+
−
[
1 +
4k˙1b2
5x3/2b1
−
(
b2
b1
)2(
1− 4k˙
2
1
25x3
)]
dx2 − x2dΩ2 . (51)
By using
b1(r) =
√
x3 − 8M3
x2(x− 2M) , b2(r) = 2
√
2M3x
(x− 2M)(x3 − 8M3) , (52)
and imposing
gττ ≡ 1− 2M
x
, gτx ≡ 0 , k1(t) ≡ 5
√
2M3t , (53)
the line element (51) reads
dS2 =
(
1− 2M
x
)
dτ2 −
[
1−
(
2M
x
)3]−1
dx2 − x2dΩ2 . (54)
The expression (54) is a black hole solution of type-Schwarzschild, with the mass M and
horizon in xH = 2M , but the Hawking temperature defined as TH =
√
3/8piM > TSchwarzschild.
The usual case of Lemaitre-Tolman-Bondi, the solution is exactly that of Schwarzschild. Then, if
we consider the increase of the mass as seen in the previous subsection, M = 5MD/3, we get the
inequality TH =
(
3
√
3/5
)
THD > THD = (1/8piMD), where THD and MD are the temperature
and the mass in the diagonal case.
5.3 Black hole in a dust-dominated universe
We can consider the results of the two previous subsections and generalize a solution for
the black hole immersed in a dust-dominated universe. We proceed as follows. We need a
solution such that when the mass M is identically null, the solution corresponding to a universe
dominated by the dust is recovered, while when we put ρ¯0 = 0, the solution characterizes a black
hole of type-Schwarzschild. Thus, just consider the simple linear combination
A(r, t) = rM
(
1 + 5
√
2M3tr−5/2
)2/5
+ ρ¯0r
(
1 +
√
6piρ¯0t
)2/3
, (55)
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which represents a black hole in a dust-dominated universe. The energy density can be easily
calculated by the equation (43), but we do not present this step due to its too long form.
However, the limit r, t → 0, leads to an infinite energy density, as at the Big Bang, and t → t0
leads to the current energy density, ρ˜0. From the equation (43), isolating ρ, we see that the
energy density is always positive, for t ≥ −√6piρ¯0 and r ≥ 0.
5.4 Other exact solutions
Let us return to the system (42). This system contents 5 equations for 6 unknown functions.
To solve it, we need one more additional equation. In any case, the system (42) has the very
complicated form. So that the finding its solutions is very hard job. For that reason let us
simplify the task considering some particular cases.
5.4.1 Static solution
Here we now assume that A = A(r) and B = B(r) that corresponds to the static case. Then
the system (42) takes the form
(B−A′)
AB2
T ′fTT + fT
[
T
2 +
1
A2
+ A
′B′
AB3
− A′
A2B
− A′′
AB2
]
+ f4 = 4piρ ,
fT
[
T
2 +
1
A2
− A′
A2B
]
+ f4 = −4pipr ,
B−A′
2AB2
T ′fTT + fT2
[
A′B′
AB3
− A′′
AB2
]
+ f4 = −4pipt .
(56)
Note that in this case
T = 2
[
1
A2
− 2A
′
A2B
+
(
A′
AB
)2]
. (57)
From (56) we get 
fT
[
T
2 +
1
A2
− A′
A2B
]
− f4 = 4pi(ρ+ 2pt) ,
fT
[
T
2 +
1
A2
− A′
A2B
]
+ f4 = −4pipr ,
B−A′
2AB2
T ′fTT + fT2
[
A′B′
AB3
− A′′
AB2
]
+ f4 = −4pipt .
(58)
From the first two equations of this system (58) we obtain
f = −8pi(ρ+ 2pt + pr). (59)
Finally we note that the system (58) contents 3 equations for 6 unknown functions (A,B, f, ρ, pt, pr).
So to solve this system we need 3 additional equations. In the particular case of the vacuum,
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for f(T ) =
∑N
n=1 anT
n, with a0 = 0 ( without cosmological constant), one gets f(T ) = 0,
implying that T = 0. By integrating (57) for null torsion, we obtain A′(r) = B(r). Making a
change of coordinates R = A(r), the Minkowski’s space metric is recovered in (18). This result
is consistent with the consideration of the equations in vacuum, as shown in [28].
5.4.2 Time dependent solution
Now we try to get a time dependent solution of the system (42). From the second and third
equations of (42) we get
fT = D1 exp
[∫
dT
(A′B˙ − A˙′B)B
(B −A′)T˙
]
(60)
and
fT = D2 exp
[
−
∫
dT
A′B˙ − A˙′B
B3A˙T ′
]
, (61)
respectively. Here Di (i = 1, 2) are integration constants. Hence we come to the following
constraint for the metric that is for the functions A,B:∫
dT
(A′B˙ − A˙′B)B
(B −A′)T˙ = D3 −
∫
dT
A′B˙ − A˙′B
B3A˙T ′
, (62)
where D3 = ln
D2
D1
. Note that if D1 = D2, this constraint takes the form
B4A˙T ′ = −(B −A′)T˙ . (63)
Note that Eqs. (60)-(61) tell us that the function f in terms of the metric A,B expressed as
f = D3 +D1
∫
dT exp
[∫
dT
(A′B˙ − A˙′B)B
(B −A′)T˙
]
(64)
or
f = D4 +D2
∫
dT exp
[
−
∫
dT
A′B˙ − A˙′B
B3A˙T ′
]
, (65)
respectively. Here D3 and D4 are integration constants. Now our aim is to express ρ, pr, pt in
terms of the metric functions. To do it, we rewrite the system (42) as
K2fTT +K1fT +
f
4 = 4piρ,
− (B−A′)
AB2
T˙ fTT +
fT
AB
(
A′B˙ − A˙′B
)
= 0,
− A˙AT ′fTT − fTAB3
(
A′B˙ − A˙′B
)
= 0,
N2fTT +N1fT +
f
4 = −4pipr,
M2fTT +M1fT +
f
4 = −4pipt.
(66)
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where
K2 =
(B−A′)
AB2
T ′, K1 =
[
T
2 +
1
A2
+ 4 A˙B˙AB +
A′B′
AB3
− A′
A2B
− A′′
AB2
]
,
N2 =
A˙
AT
′, N1 =
[
T
2 +
A¨
A + 3
A˙B˙
AB +
1
A2
− A′
A2B
]
,
M2 =
1
2
[(
A˙
A +
B˙
B
)
T˙ + B−A
′
AB2
T ′
]
, M1 =
1
2
[
T
2 +
A¨
A +
B¨
B + 5
A˙B˙
AB +
A′B′
AB3
− A′′
AB2
]
.
(67)
Let us eliminate fTT from (66). To do it, we can use the second or third equations of the system
(66). As result we come to the equations
fTT =
(A′B˙ − A˙′B)B
(B −A′)T˙ fT ≡ L1fT (68)
and
fTT = −A
′B˙ − A˙′B
B3A˙T ′
fT ≡ L2fT . (69)
Note that from these two equations follows that L1 = L2 that is equivalent to the constraint
(63). Using the equations (68) or (69), from (66) we get
(K2L1 +K1)fT +
f
4 = 4piρ ,
(N2L1 +N1)fT +
f
4 = −4pipr ,
(M2L1 +M1)fT +
f
4 = −4pipt .
(70)
Hence finding for example fT as
fT =
4piρ− f/4
K2L1 +K1
, (71)
we finally come to the following formula for f(T ):
f = −16pi
(
1− N2L1 +N1
K2L1 +K1
)−1(N2L1 +N1
K2L1 +K1
ρ+ pr
)
(72)
or
f = 16pi (3−W )−1 [(1−W ) ρ− pr − pt] , (73)
where
W =
(K2 +N2 +M2)L1 +K1 +N1 +M1
K2L1 +K1
. (74)
Once again we have here an algebraic function f(T ) which depends on the matter content in
(73). This confirms again that a possibility of getting a consistency of this theory is considering
a matter content depending on the algebraic function f(T ) and its derivatives, as shown in [20].
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6 Conclusion
We obtained the equations of motion for the f(T ) theory in (12). We first took a set of
diagonal tetrads for the case of the Lemaˆıtre-Tolman-Bondi’s (LTB) metric and obtained the
same results as that of the General Relativity (GR) in (27). This does not seem surprising since
it is well known that the Teleparallel Theory is dynamically equivalent to the GR [1], which
is particularly our case here. We explored a particular case of an universe dominated by the
matter for comparing it with the case of a set of non-diagonal tetrads.
Afterwards, we chose a new set of non-diagonal tetrads for projecting the metric of LTB in
the tangent space and obtained new equations of motion of this case. This result, that the f(T )
theory possesses a dependence on the frame in its description [26], also is not surprising, and
the fact that the equations in the non-diagonal frame being different from that of the diagonal
one was already expected. We explained the same example of an universe dominated by the
matter and we noted that the increased (decreased) in the mass (or energy density) is possibly
dependent on the time, what is drastically different from the GR. We also perform the example of
a black hole solution, which is of type-Schwarzschild and a slightly higher Hawking temperature.
Our last example is that of black hole in a dust-dominated universe, which produces the same
result as in the case of GR.
Through a set of non-diagonal tetrads we still were able to make various analysis already
made in the GR, as the evolution of the black holes apparent horizon (AH) and cosmic AH [23],
CMB [11, 27] and many other possibilities, but which will be minutely addressed in a future
work. Hence, we make possible the analysis of the other usual cosmological and astrophysical
phenomena, already realized in the GR, but which still have some obscure points to be explained.
Acknowledgement: Authors thank E. N. Saridakis for useful discussions. M. H. Daouda
thanks CNPq/TWAS for financial support. M. E. Rodrigues is grateful to UFES and UFPA for
the hospitality during the development of this work and thanks CNPq for financial support. M.
J. S. Houndjo thanks CNPq/FAPES for financial support.
References
[1] V. C. de Andrade, L. C. T. Guillen and J. G. Pereira, arXiv:gr-qc/0011087v1.
16
[2] S. Nojiri and S. D. Odintsov, Phys. Rept. 505, 59-144 (2011); S. Nojiri and S.D. Odintsov,
ECONF C 0602061:06, (2006); Int. J. Geom. Meth. Mod. Phys.4: 115-146, (2007).
[3] S. Capozziello and V. Faraoni, Beyond Einstein Gravity, A Survey of Gravitational The-
ories for Cosmology and Astrophysics, Series: Fundamental Theories of Physics, Vol. 170,
Springer, New York (2011).
[4] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, Phys. Rev. D 73: 084007
(2006).
[5] S. D. Odintsov, T. Harko, F. S.N. Lobo and S. Nojiri, Phys. Rev. D 84: 024020 (2011).
[6] I. Antoniadis J. Rizos and K. Tamvais, Nucl. Phys. B 415: 497-514 (1994).
[7] A. Krasinski, Inhomogeneous Cosmological Models (Cambridge: Cambridge University
Press, 1997); K. Bolejko, A. Krasinski, C. Hellaby, M. N. Celerier, Structures in the Universe
by exact methods: formation, evolution, interactions (Cambridge: Cambridge University
Press, 2009).
[8] G. Lemaˆıtre 1933 Ann. Soc. Sci. Bruxelles A 53: 51 (English translation, with historical
comments: 1997 Gen. Rel. Grav. 29: 641-680); R.C. Tolman 1934 Proc. Nat. Acad. Sci.
USA 20: 169 (reprinted, with historical comments: 1997 Gen. Rel. Grav. 29: 935-943).
[9] H. Bondi 1947 Mon. Not. R. Astron. Soc. 107: 410.
[10] J. P. Uzan, C. Clarkson and G. F. R. Ellis, Phys. Rev. Lett. 100: 191303; M. E. Arajo and
W. R. Stoeger, Phys. Rev. D 80: 123517 (2009).
[11] S. Alexander, T. Biswas, A. Notari and D. Vaid, JCAP 09: 025 (2009); C. Clarkson and M.
Regis JCAP 02: 013 (2011); A. Moss, J. P. Zibin and D. Scott, Phys. Rev. D 83: 103515;
M. Regis and C. Clarkson, arXiv:1003.1043; W. Valkenburg, JCAP 06: 010 (2009); J. P.
Zibin, A. Moss and D. Scott, Phys. Rev. Lett. 101: 251303 (2008).
[12] M. N. Celerier, Astron. Astrophys. 353: 63 (2000); H. Iguchi, T. Nakamura and K. Nakao,
Progr. Theor. Phys. 108: 809 (2002); H. Alnes, M. Amarzguioui and O. Gron, Phys. Rev.
D 73: 08351 (2006); D. J. H. Chung and A. E. Romano, Phys. Rev. D 74: 103507 (2006);
H. Alnes and M. Amarzguioui, Phys. Rev. D 75: 023506 (2007); T. Biswas, R. Mansouri
17
and A. Notari, JCAP 12: 017 (2007); N. Brouzakis, N. Tetradis and E. Tzavara, JCAP
02: 013 (2007), JCAP 04: 008 (2008); K. Bolejko, PMC Phys. A 2 : 1 (2008); T. Biswas
and A. Notari, JCAP 06: 021 (2008); T. Clifton, P. G. Ferreira and K. Land, Phys. Rev.
Lett. 101: 131302 (2008); K. Enqvist, Gen. Rel. Grav. 40: 451 (2008); K. Enqvist and T.
Mattsson, JCAP 02: 019 (2007); V. Marra, E. W. Kolb, S. Matarrese, Phys. Rev. D 77:
023003 (2008); V. Marra, E. W. Kolb, S. Matarrese and A. Riotto, Phys. Rev. D 76 123004
(2007).
[13] T. Buchert, Class. Quantum Grav. 28: 164007 (2011); S. Rasanen, Class. Quantum Grav.
28: 164008 (2011); D. L. Wiltshire, Class. Quantum Grav. 28: 164006 (2011).
[14] J. T. Firouzjaee and R. Mansouri, Gen. Rel. Grav. 42: 2431 (2010); A. Krasiski and C.
Hellaby, Phys. Rev. D 69: 043502 (2004).
[15] A. Krasinski and C. Hellaby, Phys. Rev. D 65: 023501 (2002); Phys. Rev. D 69: 023502
(2004).
[16] K. Bolejko and C. Hellaby Gen. Rel. Grav. 40: 1771 (2008).
[17] M. Bojowald, T. Harada and R. Tibrewala, Phys.Rev.D 78: 064057 (2008).
[18] K. Bolejko, A. Krasinski and C. Hellaby, Mon. Not. R. Astron. Soc. 362: 213 (2005).
[19] M. H. Daouda, M. E. Rodrigues and M.J.S. Houndjo, Eur.Phys.J. C 71 (2011) 1817,
arXiv:1108.2920 [astro-ph.CO].
[20] M. H. Daouda, M. E. Rodrigues and M.J.S. Houndjo, Eur.Phys.J. C 72 (2012) 1890,
arXiv:1109.0528 [physics.gen-ph].
[21] J. Grande and L. Perivolaropoulos, Phys.Rev.D 84: 023514 (2011), arXiv:1103.4143v1
[astro-ph.CO].
[22] B. Li, T. P. Sotiriou and J. D. Barrow, Phys.Rev.D 83: 064035 (2011), arXiv:1010.1041v3
[gr-qc].
[23] C. Gao, X. Chen, Y.-G. Shen and V. Faraoni, Phys. Rev. D 84: 104047 (2011),
arXiv:1110.6708v3 [gr-qc].
18
[24] J. Yang, Y.-L. Li, Y. Zhong and Y. Li, arXiv:1202.0129v1 [hep-th]; K. Karami and A.
Abdolmaleki, arXiv:1201.2511v1 [gr-qc]; K. Atazadeh and F. Darabi, arXiv:1112.2824v1
[physics.gen-ph]; H. Wei, X.-J. Guo and L.-F. Wang, Phys.Lett.B 707:298-304 (2012);
K. Karami, A. Abdolmaleki, arXiv:1111.7269v1 [gr-qc]; P.A. Gonzalez, E. N. Saridakis
and Y. Vasquez, arXiv:1110.4024v1 [gr-qc]; S. Capozziello, V. F. Cardone, H. Farajol-
lahi and A. Ravanpak, Phys.Rev.D 84:043527 (2011); R.-X. Miao, M. Li and Y.-G. Miao,
arXiv:1107.0515v3 [hep-th]; Xin-he Meng and Y.-b. Wang, Eur.Phys.J. C 71: 1755 (2011);
H. Wei, X.-P. Ma and H.-Y. Qi, Phys.Lett.B 703:74-80 (2011); M. Li, R.-X. Miao and
Y.-G. Miao, JHEP 1107:108 (2011); S. Chattopadhyay and U. Debnath, Int.J.Mod.Phys.D
20:1135-1152 (2011); P. B. Khatua, S. Chakraborty and U. Debnath, arXiv:1105.3393v1
[physics.gen-ph]; Y.-F. Cai, S.-H. Chen, J. B. Dent, S. Dutta and E. N. Saridakis, Class.
Quantum Grav. 28: 215011 (2011); R.-J. Yang, Europhys.Lett. 93:60001 (2011); C. G.
Boehmer, A. Mussa and N. Tamanini, Class.Quant.Grav. 28: 245020 (2011); R. Ferraro
and F. Fiorini, Phys.Rev. D 75, 084031 (2007); G. Bengochea and R. Ferraro, Phys.Rev.
D 79:124019 (2009); E. V. Linder, Phys.Rev. D 81:127301 (2010); B. Li, T. P. Sotiriou,
J. D. Barrow, Phys.Rev.D 83:104017 (2011); S.-H. Chen, J. B. Dent, S. Dutta and E. N.
Saridakis, Phys.Rev.D 83:023508 (2011); T. Wang, Phys.Rev. D 84:024042 (2011); L. Io-
rio and E. N. Saridakis, arXiv:1203.5781v1 [gr-qc]; H. Dong, Y.-b. Wang and X.-he Meng,
arXiv:1203.5890v2 [gr-qc]; M. E. Rodrigues, M. J. S. Houndjo, D. Saez-Gomez, F. Ra-
haman, Phys. Rev. D 86, 104059 (2012), arXiv:1209.4859 [gr-qc]; M. E. Rodrigues, M. J.
S. Houndjo, D. Momeni, R. Myrzakulov, International Journal of Modern Physics D Vol.
22, No. 8 (2013) 1350043, arXiv:1302.4372 [physics.gen-ph]; M. J. S. Houndjo, D. Momeni,
R. Myrzakulov, M. E. Rodrigues, arXiv:1304.1147 [physics.gen-ph]; M. E. Rodrigues, M.
J. S. Houndjo, J. Tossa, D. Momeni, R. Myrzakulov, JCAP11(2013)024, arXiv:1306.2280
[gr-qc]; I. G. Salako, M. E. Rodrigues, A. V. Kpadonou, M. J. S. Houndjo, J. Tossa, JCAP
060, 1475-7516 (2013), arXiv:1307.0730 [gr-qc]; M. E. Rodrigues, I. G. Salako, M. J. S.
Houndjo, J. Tossa, Int. J. Mod. Phys. D 23, 1450004 (2014), arXiv:1308.2962 [gr-qc].
[25] R. Myrzakulov Eur. Phys. J. C, 71, 1752 (2011);
K.K. Yerzhanov, Sh.R. Myrzakul, I.I. Kulnazarov, R. Myrzakulov, Accelerating cosmology
in F(T) gravity with scalar field, [arXiv:1006.3879];
19
R. Myrzakulov, Gen. Rel. Grav., 44, 3059-3080 (2012);
K. Bamba, R. Myrzakulov, S. Nojiri, S.D. Odintsov, Physical Review D 85, 104036 (2012);
M. Jamil, D. Momeni, R. Myrzakulov Eur. Phys. J. C, 72, 1959 (2012);
K. Bamba, M. Jamil, D. Momeni, R. Myrzakulov, Generalized Second Law of Thermody-
namics in f(T ) Gravity with Entropy Corrections. [arXiv:1202.6114];
R. Myrzakulov, Dark Energy in F(R,T) Gravity, [arXiv:1205.5266];
M. J. S. Houndjo, D. Momeni, R. Myrzakulov, Cylindrical Solutions in Modified f(T) Grav-
ity, [arXiv:1206.3938];
R. Myrzakulov Eur. Phys. J. C, 72, 2203 (2012);
M. Jamil, K.R. Yesmakhanova, D. Momeni, R. Myrzakulov, Cent. Eur. J. Phys., 10, 1065
(2012);
M. Jamil, D. Momeni, R. Myrzakulov, Eur. Phys. J. C, 72, 2075 (2012);
M. Jamil, D. Momeni, R. Myrzakulov, Eur. Phys. J. C, 72, 2122 (2012);
M. Jamil, D. Momeni, R. Myrzakulov, Eur. Phys. J. C, 72, 20137 (2012);
M. Sharif, S. Rani, R. Myrzakulov, Analysis of F(R,T) Gravity Models Through Energy
Conditions, [arXiv:1210.2714];
M. Jamil, D. Momeni, R. Myrzakulov, P. J. Rudra, Phys. Soc. Jpn., 81, 114004 (2012);
M. Jamil, D. Momeni, R. Myrzakulov, Energy conditions in generalized teleparallel gravity
models, [arXiv:1211.3740];
M. Jamil, D. Momeni, R. Myrzakulov, Generalized Teleparallel Gravities. Resolution of
Dark Energy and Dark Matter Problems. LAP, Lam[bert Academic Publishing, ISBN 978-
3-659-27123-6, (2012 (Book);
R. Myrzakulov, Entropy, 14, 1627-1651 (2012).
[26] C. Deliduman and B. Yapiskan, arXiv:1103.2225 [gr-qc].
[27] H. Alnes and M. Amarzguioui, Phys.Rev. D 74 (2006) 103520; arXiv:astro-ph/0607334v2.
[28] R. Ferraro and F. Fiorini, Phys. Rev. D 84: 083518 (2011).
[29] B. Li, T. P. Sotiriou and J. D. Barrow, Phys. Rev. D 83 (2011) 064035 [arXiv:1010.1041 [gr-
qc]]; T. P. Sotiriou, B. Li and J. D. Barrow, Phys. Rev. D 83 (2011) 104030 [arXiv:1012.4039
[gr-qc]].
20
[30] N. Tamanini, C. G. Boehmer, Phys. Rev. D 86, 044009 (2012) arXiv:1204.4593 [gr-qc].
21
